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Abstrat: In this paper we desribe a program (SOPHTY) implementing QED
orretions to deays in the HERWIG++ event generator. In order to resum the
dominant soft emissions to all orders, the program is based on the YFS formalism.
In addition, universal large ollinear logarithms are inluded and the approah an
be systematially extended to inorporate exat, proess spei, higher order or-
retions to deays. Due to the large number of possible deay modes the program
is designed to operate, as far as possible, independently of the details of the deay
matrix elements.
Keywords: LEP HERA and SLC Physis, Eletromagneti Proesses and
Properties, Weak De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Contents
1. Introdution 1
2. Algorithms 4
2.1 Final-Final Dipole 7
2.2 Initial-Final Dipole 11
3. Higher-Order Corretions 13
3.1 Real Emission Corretions:β¯11 14
3.2 Virtual Corretions: β¯10 16
4. Results 17
5. Conlusions 21
A. YFS Form Fators 24
A.1 Final-Final Dipoles 24
A.2 Initial-Final Dipoles 25
B. Generation of the Dipole Distributions 25
B.1 Final-Final Dipoles 26
B.2 Initial-Final Dipoles 27
1. Introdution
The use of Monte Carlo event generators has beome an essential part of all ex-
perimental analyses, both in interpreting data from existing experiments and in the
design and planning of future experiments. Given the ruial rle whih Monte Carlo
simulations play in experimental studies it is imperative that these simulations are
as aurate as possible.
While the existing Monte Carlo event generators have been highly suessfully
over the last twenty years, it was realised that a new generation of programs was
neessary for the LHC. The reasons for this were twofold: rstly a number of new
ideas to improve the auray of the simulations had been suggested e.g. [14℄; se-
ondly the existing programs required major restruturing for long term maintenane
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and to allow new theoretial developments to be inorporated. Given the hanging
nature of omputing in high energy physis, the natural hoie was to write these
new programs in C++. A major eort is therefore underway, in preparation for the
LHC, to produe ompletely new event generators [5℄, as well as new versions of
established simulations [610℄ in C++.
As part of the proess of writing the new HERWIG++ event generator [810℄ we
wish to improve many aspets of the simulation proess. One area where improve-
ments were needed was in the simulation of partile deays, both of the fundamental
partiles produed in the perturbative stages of the event and the deays of unsta-
ble hadrons. Several major improvements have been made to the simulation of the
deays: better modelling of the matrix elements in hadroni deays; and full spin
orrelations between the prodution and deay of partiles [11℄. Another problem
with the partile deays in the FORTRAN version of the HERWIG program was the
absene of QED radiation, whih we will address in this paper.
In existing Monte Carlo simulations the prodution of QED radiation in partile
deays is normally simulated using an interfae to the PHOTOS program [1214℄.
This program is based on the ollinear approximation for the radiation of photons
together with orretions to reprodue the orret result in the soft limit [12,13℄. Re-
ently, it has been improved to inlude the full next-to-leading order QED orretions
for ertain deay proesses [14℄.
Despite the suess of PHOTOS it is based on the ollinear approximation for
photon radiation. The prodution of radiation in these deays is normally simulated
in the rest frame of the deaying partile. The kinematis of many of the deays,
partiularly of the unstable hadrons, is suh that the energy of the deay produts is
not signiantly larger than their mass, in whih ase we do not expet the ollinear
limit to be a good approximation. However, there is always a soft enhanement
for the emission of QED radiation. We therefore hose to base the simulation of
QED radiation in HERWIG++ on the YFS [15℄ formalism for the resummation of
soft logarithms. This formalism has the major advantage that the exat higher-order
orretions an be systematially inluded, indeed the majority of the most aurate
simulations inluding higher-order QED orretions are based on this approah [16
23℄.
Another signiant improvement arises from the use of the C++ programming
language and an objet-oriented design for the program. The ode framework gov-
erning deays, in the HERWIG++ program, is arranged so that users an easily in-
trodue the matrix element for a partiular deay mode using the C++ inheritane
mehanism. This framework also allows the inlusion of additional next-to-leading
order matrix elements for both standard HERWIG++ and user dened deays. This
makes it possible for the leading-order matrix elements and their higher-order orre-
tions to be implemented in a systemati and onsistent manor, rather than relying
on one program to handle the leading-order deay and another for the higher-order
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orretions. This will be of partiular importane for the implementation of spin
orrelation eets. Moreover, it will be easier for users to introdue new deays,
inluding higher-order orretions, as they will only require knowledge of, and make
modiations to, one program rather than two.
Note that, in full generality, it is not possible to onsider radiative orretions
to prodution and deay proesses separately
1
, the minimal requirement for suh
a treatment to preserve gauge invariane is that the intermediate partile be on-
shell. For most appliations at hadron olliders we antiipate this to be a good
approximation. At a tehnial level this amounts to negleting o-shell eets in
propagator numerators and inluding nite width eets in propagator denominators
via an overall Breit-Wigner fator that multiplies the squared amplitude (the so-
alled narrow width approximation). This approximation is already in eet at the
level of the tree amplitudes in the HERWIG++ generator, in whih spin orrelation
eets are transmitted from the prodution stage to the deay stage aording to
the algorithm desribed in [1℄. As the SOPHTY program is to dress tree-level events
generated by the HERWIG++ simulation, a more subtle treatment inluding o-shell
eets is beyond the sope of this work.
The same approximation sheme is adopted in many other generators e.g. the
PHOTOS and WINHAC [21℄ generators. Working in this approximation means that
gauge invariane of the QED orretions is then guaranteed by onsidering only
the universal leading log orretions to individualy deays in a asade. Exat O (α)
orretions, omprising of additional non-fatorizable orretions are proess-spei,
and are therefore the subjet of dediated proess-spei simulations; the SOPHTY
paradigm is primarily one of universality and general appliability. Nevertheless, the
dominant orretions are due to universal soft and ollinear enhaned terms.
In the next setion we will present our master equation, based on the YFS
formalism, for the generation of QED radiation, for the spei ase of partile
deays. High multipliity i.e. greater than two body, partile deays are normally
simulated as a series of sequential two body deays in HERWIG++. We therefore
onentrate on the ases of the deay of a neutral partile to two harged partiles and
the deay of a harged partile to one harged and one neutral partile. In addition,
we present algorithms for the event generation, using the master equation, for these
two ases. The inlusion of higher-order orretions to the deays is then onsidered
in setion 3 followed by a disussion of the results of the simulation. Finally we
present our onlusions and plans for further developments.
1
The ase of W boson prodution is a noteworthy example sine it is both harged and unstable.
This ase has been studied in detail in the ontext of the harged Drell-Yan proess [2430℄ as well
as single W prodution at LEP [31,32℄.
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2. Algorithms
We begin by onsidering the n-body deay of a partile in the absene of photoni
radiation. The partial width for suh a deay is given by
∫
dΓ0 =
1
2M
∫
dΦq (2π)
4 δ4
(
p−
n∑
i=1
qi
)
ραβMαM∗β (2.1)
where
dΦq =
n∏
i=1
d3qi
(2π)3 2q0i
, (2.2)
M is the mass of the deaying partile, p is its four-momentum and qi is the momenta
of the ith deay produt. We have also denoted the matrix element for the deay
of a partile with heliity α by Mα and ραβ represents the spin density matrix. In
order to simplify the expressions we have suppressed the dependene of the matrix
element on the momenta of the deaying partile and the deay produts. In pratie
we do not need to inlude the spin density matrix when alulating the total width,
if we wish to average over the heliities of the deaying partiles it is simply the
identity matrix. However, inside the HERWIG++ simulation it allows us to inlude
the orrelation eets for the deay.
In order to simulate the eets of additional QED radiation in the deay, we
must generalise (2.1) to inlude the eets of arbitrary numbers of photons. In
priniple this extension is straightforward; one simply replaes the matrix element
and augments the phase spae. However, the matrix elements give rise to infrared
divergenes. The anellation of these soft divergenes must be made expliit before
the Monte Carlo integration over the phase spae an be performed.
In the YFS formalism this anellation of the divergenes is manifest to all or-
ders in perturbation theory. The anellation relies on the fat that in the divergent,
soft photon, limit both real and virtual orretions, to any proess, take the form of
universal kinemati fators multiplying the amplitude for that proess without the
additional radiation. In summing over all of the dierent soft photon ontributions,
these kinemati fators separately exponentiate, due to their universal nature. The
resulting produt of exponentials is the manifestly nite YFS form fator [15℄. Resid-
ual, non-fatorizing, parts of the matrix elements, whih annot be exponentiated,
are naturally infrared nite.
Applying the YFS formalism to partile deays, by analogy to [17, 18, 33℄, we
nd that radiation modies the n-body deay rate (2.1) to
Γ =
1
2M
∞∑
nγ=0
∫
dΦ
1
nγ !
eYtotal(Ω)
nγ∏
i=1
S˜
total
(ki) ραβMαM∗β C. (2.3)
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This is the master equation from whih we intend to generate the QED radiation,
where
dΦ = dΦp dΦk (2π)
4 δ4 (p− P −K) , (2.4)
K =
∑nγ
i=1 ki denotes the sum of photon momenta and P =
∑n
i=1 pi denotes the sum
of the primary deay produts momenta. The momentum of the ith deay produt
is pi (previously qi without the photon radiation), kj is the momentum of the jth
photon, while dΦp and dΦk are the assoiated phase spae measures:
dΦp =
n∏
i=1
d3pi
(2π)3 2p0i
; (2.5)
dΦk =
nγ∏
i=1
d3ki
k0i
Θ (ki,Ω) .
The symbol Ω is used to denote the region of phase spae inside whih photons are
soft and unresolvable, we hoose this to be the region
∣∣∣~k∣∣∣ < ω, with ω an energy
ut-o. We dene Θ (ki,Ω) = 0 for ki ∈ Ω and Θ (ki,Ω) = 1 for ki 6∈ Ω. This
denition of Ω is not Lorentz invariant and in addition to speifying a value for ω
we must speify the frame in whih it has this value.
The total dipole radiation funtion
S˜
total
(k) =
n∑
i<j
S˜ (pi, pj , k) (2.6)
is the sum of the individual dipole funtions
S˜ (pi, pj, k) =
α
4π2
ZiθiZjθj
(
pi
pi · k −
pj
pj · k
)2
, (2.7)
where k is the four momentum of the photon, Zi is the harge of the ith partile
in units of the positron harge and θi = +1 (−1) if the momentum pi is outgoing
(inoming).
Likewise, the YFS form fator [15℄, Y
total
(pi, pj,Ω), is given in terms of the form
fator for pairs of harged partiles
Y
total
(pi, pj,Ω) =
n∑
i<j
Y (pi, pj,Ω) . (2.8)
The YFS form fator for a pair of harged partiles is given by
Y (pi, pj,Ω) = 2α
(
ReB (pi, pj,Ω) + B˜ (pi, pj)
)
, (2.9)
where B˜ij is the integral of the dipole radiation funtion over the soft photon phase
spae
B˜ (pi, pj,Ω) =
1
8π2
ZiθiZjθj
∫
Ω
d3k∣∣∣~k∣∣∣
(
pi
k · pi −
pj
k · pj
)2
. (2.10)
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The virtual piee of the dipole
B (pi, pj) = − i
8π3
ZiθiZjθj
∫
d4k
1
k2
(
2piθi − k
k2 − 2k · piθi +
2pjθj + k
k2 + 2k · pjθj
)2
, (2.11)
does not depend on the ut-o, it is plainly Lorentz invariant.
The form fators are given for the ase of a neutral partile deaying to two
harged nal-state partiles in Appendix A.1 and a harged partile deaying to one
harged and one neutral partile in Appendix A.2, in the rest frame of the deay
produts. For the ase of a general moving frame only modiations to the Lorentz
variant bremsstrahlung integrals are needed, in the nal step where we have simplied
with ~pi = −~pj and Ei + Ej = M . The orresponding B˜ij funtions are given in a
general frame in [34℄ and [21℄ respetively.
The fator C represents the total remainder of all of the matrix elements on-
tributing to the total deay width for the partile, inluding any number of photons,
when the leading soft divergent piees are exponentiated and anelled. The ontents
of C are referred to as the infrared residuals, they are infrared nite and are written
as a power expansion in the eletromagneti oupling α.
To order α there are three infrared residuals: the leading-order matrix element
(O (α0)), the nite remainder of the one loop orretion to the leading-order proess
and the nite residual of the single photon emission matrix element. Using super-
sripts to denote the order in α and subsripts to denote the number of emitted
photons, we have
C = 1 + 1
ραα′MαM∗α′
(
β¯10 (p, {pi}) +
nγ∑
j=1
β¯11 (p, {pi} , kj)
S˜
total
(kj)
+O (α2)
)
, (2.12)
where
β¯10 (p, {pi}) = ραβ
(MαM1∗V β +M1V αM∗β − 2αBtotalMαM∗β)
β¯11 (p, {pi} , k) = ραβ
(
1
2(2π)3
M1RαM∗1Rβ − S˜total (kj)MαM∗β
) . (2.13)
In (2.13) we use M1R and M1V to denote the O (α) orretions to the leading-order
matrix element (M) from single real and single virtual photon orretions. The
extension of the master formula to higher orders in the infrared residuals
(
β¯
)
is
straightforward, it is only limited by the usual tehnial diulties assoiated with
alulating Feynman diagrams that involve many loops or legs.
In pratie the leading-order matrix element is only stritly dened for the n-
body phase spae, not the phase spae with additional photons. We therefore need a
proedure whih maps the momenta of the deay produts after radiation, inluding
the photons, on to the momentum onguration of the deay produts prior to the
generation of any radiation. Sine the momenta of the primary deay produts
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are to be generated rst before any QED radiation, aording to the leading-order
distribution, we an use these momenta to alulate the leading-order matrix element.
In order to implement the theoretial framework of the master equation in an
event generator, one expets that a number of dierent algorithms must be devised to
ope with all possible deay multipliities and harge ongurations. In pratie, due
to the way in whih partile deays are simulated in HERWIG++, most of the deays
will either involve the deay of a harged partile to one harged and one neutral
partile, or the deay of a neutral partile to two harged partiles. Furthermore,
we antiipate that more ompliated deays will proeed via repeated appliations
and simple extensions of these two types of deay. We therefore onentrate on these
ases.
2.1 Final-Final Dipole
The purpose of this algorithm is to dress the deays, generated by the ore HERWIG++
program, in whih a neutral partile deays to two harged partiles, with QED ra-
diation. The input to our algorithm therefore onsists of the momenta and quantum
numbers of the parent partile and its hildren, distributed aording to the leading-
order dierential deay rate (2.1).
In addition to infrared singularities, the dipole funtions (2.7) also exhibit mass
singular behaviour assoiated with small-angle photon emission from the harged
partiles, in the massless limit. Therefore the angles of the radiated photons with
respet to the dipole must remain xed throughout the event generation proess in
order to produe an eient, stable algorithm.
In order to ahieve this, we dene the rest frame of the primary deay produts
and generate the photons in this frame. In this respet our approah is similar to that
used in the KK event generator [20℄ for nal-state radiation. Initially the photons
are generated aording to the dipole funtions, whih have a simple form in this
frame. Impliit in the denition of the rest frame of the primary deay produts (in
this ase the dipole) is the fat that the inoming three-momentum of the deaying
partile must be equal to the total outgoing three-momentum of the photons. The
three-momenta of the original deay produts are then resaled (redued) to ensure
energy and momentum onservation.
A naïve appliation of the method outlined above will lead to spurious results.
It is important that we take into aount the eets of the aforesaid hoie of frame
on the phase-spae integration measure. To do this we employ the method of inte-
gration over the Lorentz group, as desribed in [35℄, to transform the phase-spae
measure in (2.3). We start, by introduing the denition of the momentum of the
deaying partile and the total momentum of the primary deay produts in terms
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of δ-funtions, assuming the full phase spae is to be integrated over i.e.∫
dΦ = (2π)4
∫
dΦp dΦk d
4p ds d4P 2Mδ3 (p) δ
(
p2 −M2) (2.14)
δ4 (p− P −K) δ4
(
P −
n∑
i=1
pi
)
δ
(
P 2 − s) .
Seondly we insert the identity∫
d4X
2
s2
δ
(
X2
s
− 1
)
δ3
(
L−1
P√
s
)
= 1, (2.15)
where L−1 is the boost from the frame in whih X =
(
X0, ~X
)
to the rest frame
of X . This identity, in onjuntion with those already present in (2.14), onstrains
the boost L to be the Lorentz transformation from the rest frame of the primary
deay produts (P ) to the rest frame of the deaying partile (p). We then hange
the integration variables, by applying the Lorentz boost L to all of the momenta
involved, whih is trivial as most of our expression (2.14) is Lorentz invariant. This
gives∫
dΦ = (2π)4
∫
dΦp dΦk d
4p ds d4P d4X δ3 (Lp) δ
(
p2 −M2) (2.16)
δ4 (p− P −K) δ4
(
P −
n∑
i=1
pi
)
δ
(
P 2 − s) 4M
s2
δ
(
X2
s
− 1
)
δ3
(
P√
s
)
.
Integrating over the four momentum P , X and p we obtain∫
dΦ = (2π)4
∫
dΦp dΦk ds
s
M2
δ
(
M2 − (P +K)2) δ4
(
P −
n∑
i=1
pi
)
. (2.17)
The integral over s an then be performed giving,∫
dΦ =
∫
dΦp dΦk
s
M2
(
1 + K0√
s
) (2π)4 δ4
(
P −
n∑
i=1
pi
)
. (2.18)
As we rst generate the momenta of the other deay produts aording to the
leading-order matrix element we need to rewrite the integral in terms of the leading-
order phase spae. This is ahieved by resaling the momenta of the deay produts
before radiation to give the orret invariant mass for the deay produts after the
photon radiation. We dene a momentum resaling fator, u, suh that the three
momenta obey ~qi = u~pi. The momentum resaling u is determined, by on-shell
onstraints, to be the solution of
n∑
i
√
u2 |~qi|2 +m2i −
√
s = 0, (2.19)
 8 
where m2i = p
2
i = q
2
i .
The unitary algorithm tehniques of [36℄ an be used to show that
∫
dΦp δ
4
(
P −
n∑
i=1
pi
)
=
∫
dΦqδ
4
(
Q−
n∑
i=1
qi
)
1
u3
(
M −∑ni=1 m2iq0i
)
(√
s−∑ni=1 m2ip0i
) n∏
i=1
q0i u
3
p0i
.
(2.20)
With this result we an rewrite our phase spae measure as
∫
dΦ =
∫
dΦq dΦk (2π)
4 δ4
(
Q−
n∑
i=1
qi
)
s
3
2
M2 (
√
s+K0)
1
u3
(
M −∑ni=1 m2iq0i
)
(√
s−∑ni=1 m2ip0i
) n∏
i=1
q0i u
3
p0i
.
(2.21)
The deay width beomes
Γ =
∞∑
nγ=0
1
nγ !
∫
dΓ0dΦk e
Y
total
(Ω)
nγ∏
i=1
S˜
total
(ki) C s
3
2
M2u3 (
√
s+K0)
(
M −∑ni=1 m2iq0i
)
(√
s−∑ni=1 m2ip0i
) n∏
i=1
q0i u
3
p0i
(2.22)
with dΓ0 given by (2.1). Equation (2.22) allows the onstrution of an algorithm in
whih the leading-order subproess may be generated independently of and prior to
QED radiation.
Thus far we have treated the general ase (an n body nal state) but we will now
speialise to the ase of a neutral partile deaying to two harged partiles. In this
ase the resaling fator is u = |~p|/|~q| where |~p| is the magnitude of the momentum
of the deay produts in their rest frame after the radiation and |~q| is the magnitude
of the momentum of the deay produts in their rest frame before the radiation. In
this ase the total width is
Γ =
∞∑
nγ=0
∫
dΓ0 dΦk
1
nγ !
eYtotal(Ω)
nγ∏
i=1
S˜
total
(ki) C
√
s |~p|
M |~q|
(
1 +
K0√
s
)−1
, (2.23)
where
dΓ0 =
1
2M
dΩq2
|~q|
M
ραβMαM∗β.
Up to now we have not made any approximations other than the trunation of
the infrared residuals at O (α). To simulate events using these results, (2.23) and
(2.22), we need to make some approximations in order to obtain a distribution whih
is fast and eient to generate by Monte Carlo methods. It is important to note
that these simpliations are later exatly ompensated by appropriate weighting and
rejetion of events. Naturally the rst simpliation we make is to omit the higher-
order, infrared nite orretions represented by the fator C. We also neglet the
fators assoiated with the resaling of the leading-order phase spae. Both fators
tend to one in the limit of soft QED radiation and so negleting them is reasonable,
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given that the vast majority of photons produed will be soft. In addition to these
two omissions we also approximate the momenta p1 and p2 by the values they would
have in the absene of any QED radiation, q1 and q2, this approximation is justied
on the same grounds. These simpliations give the following rude distribution
Γ
rude
=
∞∑
nγ=0
∫
dΓ0dΦk
1
nγ !
eY (q1,q2,Ω)
nγ∏
i=1
S˜ (q1, q2, ki) . (2.24)
Sine we are working in the dipole rest frame, ~q1 = −~q2, the kinematis simplify
to the extent that the dipole funtion is analytially integrable. Moreover it means
the only dependene of the QED part of (2.24) on q1 and q2 is through their masses.
Consequently we have the desired fatorization that (2.24) is really a produt of two
separate integrals, one for the leading-order deay and one for the QED radiation.
The distributions may therefore be generated independently. Dening
n¯ =
∫
d3ki
k0i
Θ (ki,Ω) S˜ (p1, p2, ki) , (2.25)
we obtain
Γ
rude
= Γ0
∞∑
nγ=0
1
nγ!
n¯nγe−n¯ = Γ0. (2.26)
In deriving (2.26) we have also made the approximation that the YFS form fator is
Y ≈ −n¯. Aording to Γcrude the photon multipliity follows a Poisson distribution
with average n¯. In pratie it is sometimes useful to neglet part of the dipole
distribution as desribed in Appendix B.1.
One suh a deay has been generated in the main HERWIG++ ode it may
dressed with QED radiation using the following algorithm:
1. The number of photons is generated aording to a Poisson distribution with
average n¯.
2. The momenta of the photons is then generated as desribed in Appendix B.1.
This gives the rude distribution.
3. The exat distribution (the master equation for Γ) is obtained using rejetion
tehniques. The weight for rejetion is given by
W =W
dipole
×W
YFS
×W
Jaobian
×W
higher
, (2.27)
where
W
dipole
=
∏nγ
i=1
S˜(p1,p2,ki)
S˜(q1,q2,ki)
,
W
YFS
= e
Y (p1,p2,ΩB)
e−n¯
,
W
Jaobian
=
√
s|~p|
M |~q| (
√
s+K0)
−1
,
W
higher
= C.
(2.28)
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In pratie the denominator of the dipole weight W
dipole
is modied if we use
the modied dipole without the mass terms. We denote a ut-o on the energy
of the photons in the rest frame of the deay produts as ΩB. We will onsider
the ontribution from the exat higher-order orretions in more detail in the
next setion.
4. There is one remaining ompliation. The photons are generated in the frame
where the deaying partile enters with momentum equal to the total photon
momentum. However, we wish to apply the energy ut-o in either the rest
frame of the deaying partiles, or even the laboratory frame. There are a
number of methods whih we ould use to ahieve this. The simplest would be
to evaluate the YFS form-fator in the rest frame of the deaying partile or
the laboratory frame and veto any events in whih any of the photons are below
the ut-o in the relevant frame. However, this proedure an be ineient if
the veto removes a large number of events.
We instead hoose to use the same proedure as [20℄. In this approah we
neglet any photons whih are below the energy ut-o in the relevant frame
and apply an additional weight
W
remove
= exp (−Y12 (q1, q2,ΩB) + Y12 (q1, q2,Ω) + Y12 (p1, p2,Ω)− Y12 (p1, p2,ΩB)) ,
(2.29)
where Ω denotes the ut-o on the photon energies in either the rest frame of
the deaying partile or the laboratory frame.
For onsisteny in dening the infrared region, in applying this weight we do
not apply dipole weights for those photons whose energy is below the infrared
ut-o.
2
2.2 Initial-Final Dipole
In this subsetion we desribe our algorithm for dressing deays, in whih a harged
partile deays to another harged partile and a neutral partile. As in the nal-
nal dipole ase, the inputs to the algorithm are the momenta and quantum numbers
of the parent partile and its hildren, distributed aording to the leading-order
dierential deay rate.
The situation here is less ompliated than for the nal-nal dipole ase beause
we an use the neutral deay produt to absorb the reoil due to the photoni ra-
diation. This allows us to simulate the radiation in the rest frame of the deaying
partile. As with the nal-nal dipole we must also resale the three-momentum of
the harged partile in order to have overall energy-momentum onservation.
2
In pratie if we neglet the mass terms when generating the rude distribution we also need
to inlude the weight from (B.8) for the removed photons as part of the dipole weight in order to
take this into aount.
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As in the previous subsetion, we begin by manipulating the phase-spae mea-
sure in order to fatorize o a part of the integrand whih an be interpreted as
orresponding to the leading-order proess. Taking p1 to be the momentum of the
harged partile in the nal state and integrating over the momentum |~p1| and ~p2, in
the rest frame of the deaying partile gives
Γ =
1
2M
∞∑
nγ=0
∫
dΦ
1
nγ!
eY (p,p1,Ω)
nγ∏
i=1
S˜ (p, p1, ki) ραβMαM∗βC (2.30)
where
dΦ =
1
4 (2π)2
dΩp1dΦk
|~p1|2
p01
(
|~p1|+
∣∣∣ ~K∣∣∣ cos θp1K)+ p02 |~p1| . (2.31)
This an be rewritten as
Γ =
∞∑
nγ=0
∫
dΓ0dΦk
|~p1|2M
|~q1| p01
(
|~p1|+
∣∣∣ ~K∣∣∣ cos θ)+ |~q1| p02 |~p1|
1
nγ !
eY (p,p1,Ω)
nγ∏
i=1
S˜ (p, p1, ki) C
(2.32)
where
dΓ0 =
1
2M
dΩq1
|~q1|
4 (2π)2M
ραβMαM∗β. (2.33)
As before, by not hanging the angles of the photons with respet to the dipole (in
this ase the harged nal-state partile) we have dΩp1 = dΩq1 . The generation
of the leading-order proess (dΓ0) may proeed prior to, and independently of, the
details of QED radiation. That is to say that no hanges need to be made to the
existing deay program, the QED algorithm for initial-nal dipoles is universal in this
respet. Momentum onservation and on-shell onditions require that the momenta,
after generation of the photons, are given by
p = q,
p1 =
(√
ρ2~q21 +m
2
1, ρ~q1
)
,
p2 =
(
M −K0 −
√
ρ2~q2 +m21,− ~K − ρ~q1
)
,
K =
(
K0, ~K
)
,
(2.34)
where the resaling fator ρ is
ρ =
−
∣∣∣ ~K∣∣∣ cos θ1K ((p1 + p2)2 +m21 −m22)+ (M −K0)
√
λ
(
(p1 + p2)
2 ,m2
1
,m2
2
)
− 4m2
1
K2
⊥
2 |~q1|
(
(p1 + p2)
2
+K2
⊥
)
(2.35)
and K2⊥ =
∣∣∣ ~K∣∣∣2 sin2 θ1K .
The rude distribution, is obtained from the exat distribution (2.33) by drop-
ping the kinemati fator arising from integrating over the delta funtion and the
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higher-order non-soft photon orretions in C. The momenta in the form fator and
dipole funtions are replaed by the values generated from the leading-order deay
(~q1 = −~q2) giving the rude distribution
Γcrude =
∞∑
nγ=0
∫
dΓ0dΦk
1
nγ!
eY12(q,q1,Ω)
nγ∏
i=1
S˜ (q, q1, ki) . (2.36)
The dependene of QED part of (2.36) on the momenta q and q1 is overstated here,
in the rest frame of the deaying partile the kinematis are so simple that this part
only depends on the masses q2 and q21 . Therefore (2.36) is really a produt of two
independent integrals. The simplied kinematis allow the integral over the photon
momenta to be performed analytially giving
n¯ =
∫
d3ki
k0i
Θ (ki,Ω) S˜ (q, q1, ki) . (2.37)
We therefore obtain
Γ
rude
= Γ0
∞∑
nγ=0
1
nγ!
n¯nγe−n¯ = Γ0. (2.38)
In obtaining this we have, as in the nal-nal dipole ase, approximated Y ≈ −n¯.
One again we have redued the width to a simple Poisson distribution for the photon
multipliity.
The generation of the rude width proeeds in the same way as for the nal-
nal dipole. First we generate nγ aording to the Poisson distribution and then
the photon momenta are generated aording to the dipole funtions (see Appendix
B.1). The form of the rejetion weights W is similar to those in setion 2.1 equation
(2.27) with the following hanges:
W
dipole
=
∏nγ
i=1
S˜(q,p1,ki)
S˜(q,q1,ki)
,
W
YFS
= e
Y (q,p1,Ω)
e−n¯
,
W
Jaobian
= |~p1|
2M
p01(|~p1|+| ~K| cos θ)|~q1|+p02|~p1||~q1| ,
W
higher
= C.
(2.39)
Unlike the the ase of the nal-nal dipole, we do not need a photon removal step
beause the deay is generated in the rest frame of the deaying partile.
3. Higher-Order Corretions
As stated in setion 2, the eets of soft photons (photons with energy below the
ut-o ω) have been inluded to all orders through the YFS form fator. If one
neglets the infrared residuals in C, the eet of the master formula and algorithms
is, for a given multipliity, to generate the QED radiation aording to the dipole
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radiation funtions only. This amounts to approximating matrix elements for the
deay p → p1...pn + nγγ by a produt of eikonal fators multiplied by the leading-
order matrix element. Ideally, we wish to inlude the higher-order eets in C as far
as possible.
Thus far our algorithms only require a set of momenta and their assoiated
harges. Unfortunately alulating C exatly to a given order in α requires knowl-
edge of the matrix elements for the spei deay proess to that order. The struture
of HERWIG++ is designed so that if these orretions are known they an be imple-
mented. However, for the majority of deays these orretions will not be available
and in this ase we need to inlude the remaining enhaned ontributions, i.e. the
single ollinear logarithmi terms. Depending on the mass sales involved, one an
obtain a good approximation to C by just inluding these leading mass singular terms.
In the ollinear limit, the squared matrix element for a proess inluding a mass-
less emission, fatorizes into the leading-order squared matrix element multiplied by
a splitting funtion. The splitting funtions only depend on the spin of the parti-
les involved. Therefore if, in addition to the momenta and harges, we supply the
program with the spins involved in the deay, we may inlude the leading non-soft,
ollinear logarithms in C for the real emission ontributions.
In addition to aording us a way to inlude higher-order hard emission ontribu-
tions in a universal way, this approah has two further advantages. Firstly, as we shall
desribe in more detail in setion 3.2, in this approah we an readily obtain a good
approximation to the virtual orretions. Seondly, given the logarithms assoiated
to the ollinear emissions are universal, they are neessarily gauge invariant.
3.1 Real Emission Corretions:β¯11
In the quasi-ollinear limit
3
, dened in [37℄, the matrix element inluding the emission
of an additional ollinear photon fatorizes as
∣∣M1R∣∣2 ∼= n∑
i=1
e2Z2i
pi · kPii |M|
2 , (3.1)
where M is the matrix element for the leading-order proess, |M1R|2 is the spin-
averaged matrix element with the inlusion of one additional photon, Zi is the harge
of the emitting partile, pi is the momentum of the emitting partile and k is the
momentum of the emitted photon. Pii is the Altarelli-Parisi splitting funtion for
emission of a photon from partile i, its form only depends on the spin of the emitting
partile.
In [38℄ these splitting funtions were used, together with the fatorization of the
matrix element in the soft limit, to onstrut so-alled dipole splitting funtions for
3
The quasi-ollinear limit is the generalisation of the usual ollinear limit to the ase where the
emitting partile is massive.
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massive partiles. These terms have the orret behaviour in both the soft and quasi-
ollinear limits and smoothly interpolate between the two, i.e. they reprodue the
massive splitting funtions for (quasi-)ollinear emissions and the soft photon, dipole,
radiation funtions for soft emissions. We hoose to use dipole-like terms based on
the expressions in [38℄, omitting some sub-leading terms whih were inluded in [38℄
to allowed the funtions to be analytially integrated over the phase spae of the
emitted photon. With the dipole subtration terms we may write an approximation
for the real emission matrix element
∣∣M1R∣∣2 ≈ −e2 n∑
i<j
ZiθiZjθj (Dij +Dji) |Mn|2 , (3.2)
where indies i and j refer to the two partiles forming the eletri dipole and we
have applied the onservation of harge
∑n
i=0 θiZi = 0.
We adopt the onvention that the rst index on Dij refers to the partile in the
dipole whih is onsidered to be emitting the photon, while the seond index refers
to the so-alled spetator partile. From here we may write down a leading ollinear
approximation for the infrared nite residual β¯11
β¯11 = −
α
4π2
ραβMαM∗β
n∑
i<j
ZiθiZjθj
[D¯ij + D¯ji]] , (3.3)
where the D¯ij are the infrared subtrated ounterparts of Dij,
D¯ij = Dij − 1
pi · k
[
2pi · pj
(pi + pj) · k −
m2i
(pi · k)
]
. (3.4)
For the ase that both the emitter and spetator are in the nal state, the dipole
terms are given by
4
Dij = 1pi.k
[
2pi.pj
(pi+pj).k
− m2i
pi.k
]
spin 0,
= 1
pi.k
[
pj .k
(pi+k).pj
+
2pi.pj
(pi+pj).k
− m2i
pi.k
]
spin
1
2
,
= 1
pi.k
[
2(pj .k)(pi.pj)
((pi+k).pj)
2 +
2pj .k
(pj+k).pi
+
2pi.pj
(pi+pj).k
− m2i
pi.k
]
spin 1.
(3.5)
For the ase that the dipole is omprised of the deaying partile (whih we shall
denote by index j) and one of its hildren, the Dij funtions for emissions from the
hildren are taken to be the same as in (3.5). However, for the deaying partile, we
assume that it is suiently massive for us to neglet ollinear enhanements, giving
the following dipole funtion
Dji = 1pj .k
[
2pi.pj
(pi+pj).k
− m
2
j
pj .k
]
spin 0, 1
2
, 1 . (3.6)
4
It is not possible to onstrut a quasi-ollinear limit for the spin-1 splitting funtion, for a
massive vetor partile, in whih the massless limit an be taken. We therefore use the orresponding
expression for the massless dipole splitting funtion, augmented by a mass term whih produes
the orret behaviour in the soft limit.
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Sine the eets of ollinear radiation from the deaying partile are negleted, only
soft emissions are taken into aount and so this dipole funtion is independent of
the partile's spin. Furthermore, the infrared subtrated dipole splitting funtion,
with the parent partile as the emitter, is identially zero: D¯ji ≡ 0.
In the soft limit these expressions reprodue the expeted eikonal result
Dij +Dji = −
(
pi
pi.k
− pj
pj .k
)2
(3.7)
and in the ollinear limit the Dij equals the quasi-ollinear splitting funtions given
in [37℄.
3.2 Virtual Corretions: β¯10
At present we have only implemented virtual orretions for two speial ases in the
SOPHTY ode, those of initial-nal and nal-nal dipoles with (relativisti) fermions
in the nal state, as in W and Z boson deays. These orretions turn out to have
a negligible eet on distributions, ompared to those of the real orretions. This
is seen to be the ase even for W → e+νe and Z → e+e− deays where one expets
suh eets to be greatest.
As with the real emission we try to work in a universal way, without referring to
the details of the matrix elements, using the leading log approximation.
For both the ase of the nal-nal dipole and the initial-nal dipole the relevant
virtual proesses are represented by the lowest-order diagram with a photon joining
the dipole onstituents. On dimensional grounds, the large, leading logarithms of
QED will be logarithms of M2/m2i . Also, if we regularize the infrared divergenes
by introduing a titious photon mass mγ , logarithms of M
2/m2γ and m
2
i /m
2
γ are
possible.
The infrared divergenes from virtual orretions, must anel the infrared di-
vergenes arising from the soft region of the photon phase spae in the real emission
proess [39℄. Likewise, terms diverging as m2i → 0, so alled mass/ollinear di-
vergenes, must also anel between the real emission orretions and their virtual
ounterparts, this is the KLN theorem [40, 41℄. Using the fat that the mγ → 0 and
m2i → 0 divergent logarithms have to anel in this way, we an onstrut the leading
log approximation to the loop integrals.
To obtain the leading soft and ollinear ontributions to the virtual terms we
therefore return to the soft and ollinear approximation that was used for the real
emission matrix element (3.2). We alulate the leading logarithms arising in the
real emission ontribution by integrating the full dipole funtion over the full phase
spae for the emission of the photon i.e. both the soft k0 < ω and hard k0 ≥ ω
regions as was done in [38℄. Performing the relevant integrals and taking the small
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mass limit gives the ontribution of the virtual terms for the dierent types of dipole
dΓ|LL = απ
(
2
(
ln
(
M
mi
)
− 1
)
ln
(
mγ
M
)
+ ln2
(
M
mi
)
+ 1
2
ln
(
M
mi
))
dΓ0 (initial-nal),
dΓ|LL = απ
(
2
(
ln
(
M2
m2i
)
− 1
)
ln
(
mγ
M
)
+ 1
2
ln2
(
M2
m2i
)
+ 1
2
ln
(
M2
m2i
))
dΓ0 (nal-nal).
(3.8)
These expressions agree, at the level of large logarithms, with those obtained by
diret alulation in [42℄ and [17℄. From here we see that the β¯10 funtions we require
are, for the initial-nal dipole
β¯10 =
α
2π
ln
(
M2
m2i
)
β¯00 , (3.9)
and for the nal-nal dipole,
β¯10 =
α
π
ln
(
M2
m2i
)
β¯00 . (3.10)
For resonant Z→ e+e− proesses this number is around 6%, dropping to around 3%
for resonant Z→ µ+µ− proesses. The extension to other ases is obvious, it simply
requires the use of the salar and vetor splitting funtions instead.
4. Results
In this setion we disuss the results from the SOPHTY program as implemented
in HERWIG++. In order to test the algorithm we will onsider both leptoni Z
and W boson deays, due to their phenomenologial importane. In addition we
will onsider a number of important meson deays to demonstrate the appliation
of the program to hadroni deays. We reiterate that our approah simulates the
soft photon orretions in the leading log approximation whih depends on nothing
more than the momenta and harges of the primary deay produts, and simulation
of hard ollinear photons merely requires additional spin information. This being
the ase these examples represent a general test of our methods.
The key distribution produed by the simulation is the total photon energy
spetrum (K0). This is shown for Z deays in gure 1 and for W deays in gure
2. We have onsidered a large range of masses for the deay produts, inluding a
titious heavy lepton (τ ′), to hek for numerial instabilities and other irregular
behaviour. For eah type of deay we show the results of our algorithm inluding only
soft photon eets and also with the dipole approximation for hard radiation. In all
ases the amount of radiation is seen to derease smoothly as the mass of the deay
produts inreases, this an be understood from simple phase-spae onsiderations.
One an also see that the inlusion of the dipole splitting funtions (Dij) leads
to an enhanement of hard photon radiation. This enhanement is most prominent
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Figure 1: The total energy (K0) of the photons radiated in Z boson deays to leptons: (a)
shows the K0 spetrum for the ase that no infrared residuals are onsidered (C = 1); (b)
shows the eet of inluding the ollinear approximation for the O (α) residual β¯11 .
Figure 2: The total energy (K0) of the photons radiated in W boson deays to leptons;
(a) shows the K0 spetrum for the ase that no infrared residuals are onsidered (C = 1);
(b) shows the eet of inluding the ollinear approximation for the O (α) residual β¯11 .
for lighter deay produts, for the heavier deay produts the eet is negligible.
Again, this is to be expeted as the mass of the emitting partile is known to sreen
the ollinear divergene, this an be seen by onsidering, for instane, the massive
splitting funtions in [37℄.
Inluding the hard ollinear enhanements also reveals a kink in the total photon
energy spetrum. This kink ours at a kinemati endpoint, beyond it all events must
ontain at least two photons whih reoil against eah other, hene the histograms
drop beyond this value. Looking in this two photon region we also see that the
photon multipliity inreases as the mass of the primary deay produts dereases.
Changing the spin of the primary deay produts does not aet the soft distri-
butions in gures 1a and 2a, it does however, inuene the other distributions where
hard ollinear photon eets are introdued. The program uses the other splitting
funtions in (3.5) to aount for this, although in the ase that the deaying partile
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Figure 3: The total energy (K0) of the photons radiated in W
± → e±νe/ν¯e deays. In
gure (a) the red histogram was generated using the WINHAC [21℄ simulation, inluding
exat O (α) real emission orretions to the W± deay, while the blak line was generated
using the SOPHTY module for QED radiation in HERWIG++. In gure (b) we show the
dierene between the spetra shown in (a) divided by the assoiated statistial error. The
disrepany in the region beyond 40 GeV is exlusively omprised of events with at least
two non-soft photons, whih neither program is designed to model well.
is a salar there will be no ollinear enhanement sine in this ase D¯ij ≡ 0.
In gure 3 we ompare the total photon energy spetrum for W → eνe deays
as generated by our program and that of the WINHAC generator. The agreement is
seen to be quite good exept in the region beyond the kink at around 40 GeV. As
mentioned earlier, this region is populated exlusively by events with at least two
hard photons. Consequently neither simulation expets to model this aurately. A
orret modelling of this region will require the alulation of the infrared residuals
(C) to O (α2). This extension may be implemented in future versions of the program.
We note that WINHAC was been independently ompared with another simulation
of the harged Drell-Yan proess, HORACE, in [43℄, where good numerial agreement
between the dierent approahes to QED radiation was reorded.
The total energy of the photons radiated in the deays of some neutral vetor
mesons is shown in gure 4. Here we see that the energy distribution shows a
behaviour that qualitatively resembles that seen in the ase of the Z boson. In
this ase, as the deay produts are pseudosalar mesons, there is no eet from
inluding the ollinear approximation for the radiation. In addition gure 4 shows
the radiation for an example, K
∗0 → K±π∓, with unequal masses for the deay
produts. Here we see that the lighter deay produt is responsible for the more
energeti photons, as we inrease its mass (for illustrative purposes) the distribution
tends toward lower energies.
The total energy of the photoni radiation in the deays of some harged vetor
mesons is shown in gure 5. As expeted, for these deays the distributions be-
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Figure 4: The total energy (K0) of the photons radiated in the deays of neutral vetor
mesons to pseudosalar mesons for a number of dierent deays: (a) ρ → π+π−; (b)
φ → π+π− and φ → K+K−; () K∗0 → K±π∓; (d) J/ψ → π+π− and J/ψ → K+K−. In
addition to using the real physial masses of the deay produts we have inluded the eet
of varying the masses of the deay produts.
have in a similar way to those of the W boson, sine they involve the same type of
dipole. As with the neutral vetor meson deays there is no eet from inluding
the ollinear approximation for the photon radiation as the deay produts are pseu-
dosalar mesons
(D¯ij ≡ 0). The K∗± deays show the eet of having unequal mass
deay produts.
For the leptoni deays of the harmonium resonanes and the Υ resonane, the
total energy spetrum of the radiated photons is shown in gures 6 and 7 respe-
tively. As for Z deays, the eets of varying the τ mass are inluded to show the
mass dependene of the results. In the harmonium deays to τ+τ− pairs we see
a suppression of QED radiation sine these deay modes are near the prodution
threshold; for the physial τ mass, this deay mode is not aessible in J/ψ deays,
while for ψ (2s) and ψ (3770) it is just below the threshold. The Υ resonane is sig-
niantly more massive and therefore the assoiated photon energy spetrum more
losely resembles that seen for the ase of the Z boson.
These results show that the approah an be suessfully applied to both per-
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Figure 5: The total energy (K0) of the photons radiated in the deays of harged vetor
mesons to pseudosalar mesons for the deays: (a) ρ± → π±π0; (b) K∗± → K±π0 and
K
∗± → K0π±. In addition to using the real physial masses of the deay produts we have
inluded the eet of varying the masses of the deay produts.
turbative deays and non-perturbative hadroni deays.
5. Conlusions
In this paper we have presented a universal theoretial framework for alulating
QED radiative orretions to partile deays based on the YFS formalism [15℄ and
the methods of [17, 18, 33℄. The essene of this approah is a reorganization of the
perturbation series to resum all soft divergent QED logarithms. This formalism led
to the master formula presented in (2.3).
The master formula forms the basis of the Monte Carlo event generator SOPHTY,
whih provides QED radiative orretions for deays inside the HERWIG++ gener-
ator. The Monte Carlo simulation takes into aount large soft photon logarithms
to all orders. In addition, the leading ollinear logarithms are inluded to O (α)
by using the so-alled dipole splitting funtions and inferring the assoiated virtual
orretions with the aid of the Bloh-Nordsiek and the KLN theorems.
Algorithms for the two basi building-blok ases of dipoles omprising either
two nal-state partiles, or the initial-state partile and one of its deay produts, are
presented in setion 2. Although integrals like that of the master equation an gen-
erally be readily performed with onventional Monte Carlo methods to give weighted
events, the manipulations required in order to produe unweighted events with good
eieny (i.e. an event generator) are non-trivial.
In designing these algorithms we were onstrained by the requirement that the
QED radiation should be generated, as far as possible, independently of the details
of the main HERWIG++ program, whih should provide the initial distribution of
deay produts. This was made possible due to the form of the master equation,
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Figure 6: The total energy (K0) of the photons radiated in leptoni deays of harmonium
resonanes is shown above for J/ψ (a/d), ψ(2s) (b/e) and ψ(3770) (/f). The distributions
on the left, gures (a), (b) and (), are obtained by trunating the infrared residuals at
O (1), whereas in (d), (e) and (f), the dipole splitting funtions are used to inlude the
eets of hard ollinear photons. In addition to the real harged leptons we have inluded
the eet of varying the τ mass to illustrate the mass dependene of the results.
the universal nature of the radiative orretions involved and our simplied rude
distribution from whih we initially generate the photons. Care was taken to design
the algorithms to keep event weights as lose to one as possible and to avoid numerial
instabilities. Key to realising these features are importane sampling tehniques and,
importantly, a areful hoie of frame in whih to generate the radiation.
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Figure 7: The total energy (K0) of the photons radiated in leptoni deays of the bottomo-
nium resonane Υ. The distribution on the left (a) is obtained by trunating the infrared
residuals at O (1), whereas in (b), the dipole splitting funtions (Dij) are used to inlude
the eets of hard ollinear emissions.
Our algorithm was tested suessfully for several dierent types of partile deay
produed by the HERWIG++ generator. In setion 4 we have shown results for
the important ases of W and Z deays to various lepton speies. In all ases the
distributions show a smooth and stable behaviour agreeing with our expetations.
A preliminary omparison of the total photon energy spetrum from the WINHAC
generator shows good agreement and provides a good hek of our methods. The
appliation of the program to both hadroni and leptoni meson deays was also
illustrated in setion 4.
There are several possible extensions of this work, for instane, there are a num-
ber phenomenologially important deays for whih the full O (α) orretions are
known e.g. W and Z deays. As the ode is designed to readily allow these or-
retions to be inluded they will be implemented in the near future. In addition,
there are a small number of ases inside the HERWIG++ where we have to simu-
late multi (i.e. greater than two) body deays and the extension of the algorithm
to these ases would be useful. This is the rst use of the YFS approah within
the HERWIG++ program and there are a number of other potential appliations,
for example initial-state radiation in lepton ollisions, whih may be pursued in the
future.
In onlusion, we have applied the YFS formalism to the simulation of QED
radiation in partile deays. The simulation, SOPHTY, based on the results of this
work an simulate QED radiation in a wide range of partile deays and will be
available in the next version of the HERWIG++ program.
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A. YFS Form Fators
In this appendix we give the expressions we alulate for the YFS form fators. For
both the nal-nal dipole form fator and the initial-nal dipole form fator we use,
βi = |~pi| /Ei , to denote the veloity of partile i. Furthermore, in eah ase we have
assumed that the momenta obey p = p1 + p2.
A.1 Final-Final Dipoles
Below in (A.1) we have the YFS form fator for a pair of nal state harged partiles
with momenta p1, p2 whose ombined momentum is p. Expression (A.1) is valid in
the frame ~p1 = −~p2.
Y (p1, p2,Ω) = − α2π Z1Z2 Yˆ (p1, p2,Ω)
Yˆ (p1, p2,Ω) =
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(A.1)
We have heked that for the ase β1 = β2, in the limit β1 → 1, expression (A.1)
redues to
Y (p1, p2,Ω) = −α
π
Z1Z2
(
2 ln
(
2ω√
p2
)(
ln
(
p2
p21
)
− 1
)
+
1
2
ln
(
p2
p21
)
− 1 + π
2
3
)
,
(A.2)
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in agreement with the previously obtained results [19℄.
A.2 Initial-Final Dipoles
In equation (A.3) we have the YFS form fator for a pair of harged partiles of
momentum p and p1, (p2 = p− p1), evaluated in the rest frame of p.
Y (p, p1,Ω) =
α
2π
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(A.3)
We use Zp to denote the harge on the partile with momentum p. For the speial
ase that (p− p2)2 is zero, as in leptoni W± deay with a massless neutrino, we use
the a more speialized ompat form, to avoid potential numerial problems:
Y (p, p1,Ω) =
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ZpZ1 Y (p, p1,Ω)
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(A.4)
We have heked, analytially, that in the limit β2 → 1 the virtual ontributions
(Re B (p, p1)) to Y (p, p1,Ω) inside (A.3) are equal to those in (A.4). In both ases
the real ontributions are idential, they do not involve β2, naturally as these on-
tributions should only involve the moving harge in the dipole. Finally, as a hek
we observe that, dropping terms smaller than O (p21/p2) the form fator (A.4) agrees
exatly with the orresponding expression in [21℄.
B. Generation of the Dipole Distributions
In this appendix we desribe how to generate the photon momenta from the dipole
radiation funtions.
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B.1 Final-Final Dipoles
Consider the integral of the dipole funtion in the rest frame of p1 + p2∫
d3k
k0
S˜ (p1, p2, k) =
α
4π2
Z1Z2
∫
dc dφ dk0 k0
(
p1
p1 · k −
p2
p2 · k
)2
. (B.1)
We hoose to dene the photon momenta as being with respet to p1, with c ≡ cos θ
i.e.
p1.k = E1k0 (1− β1c) ,
p2.k = E2k0 (1 + β2c) .
(B.2)
Using this representation of the momenta the integral an be rewritten as
∫
d3k
k0
S˜ (p1, p2, k) = − α4π2 Z1Z2
∫
dc dφ d ln k0
(
− 1−β21
(1−β1c)2 +
2(1+β1β2)
(1−β1c)(1+β2c) −
1−β22
(1+β2c)
2
)
.
(B.3)
The photon momenta an be generated aording to this distribution in the following
way.
1. First the magnitude of the photon's momentum is generated logarithmially
between ω, the minimum photon energy ut-o, and the maximum possible
photon energy, E
max
, i.e.
k0 = ω
(
E
max
ω
)R
, (B.4)
where R is a random number uniformly distributed between 0 and 1. As the
photon momenta are generated in the rest frame of the dipole the maximum
energy of the photon is
E
max
=
M
2
(
M
m1 +m2
− m1 +m2
M
)
. (B.5)
2. The azimuthal angle φ is randomly generated between 0 and 2π.
3. The generation of the polar angle θ is more ompliated. The polar angle is
generated by only using the interferene term i.e. negleting mass terms. This
term is rst rewritten
1
(1− β1c) (1 + β2c) =
β1β2
β1 + β2
(
1
β2 (1− β1c) +
1
β1 (1 + β2c)
)
. (B.6)
The angle an then be generated aording to this distribution by generating
the angle aording to the distribution (1− β1c)−1 with probability
P1 =
ln
(
1+β1
1−β1
)
ln
(
1+β1
1−β1
)
+ ln
(
1+β2
1−β2
)
(B.7)
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and aording to the distribution (1 + β2c)
−1
with probability P2 = 1− P1.
The full distribution an easily be generated using rejetion tehniques, the
rejetion weight
W =
(
− 1−β21
(1−β1c)2 +
2(1+β1β2)
(1−β1c)(1+β2c) −
1−β22
(1+β2c)
2
)
2(1+β1β2)
(1−β1c)(1+β2c)
≤ 1 (B.8)
is less than one.
In pratie we sometimes hoose not to generate the angle aording to the full
distribution initially i.e. we postpone the latter rejetion step until the event
is generated in full. This is beause the inlusion of the mass terms leads to
a depletion of radiation in the diretion of the harged partiles, the dead-
one [44℄. However this dead-one an be lled by hard radiation and if the
β¯11 orretions are inluded. In this ase, if the generation of the angles is done
aording to the full distribution, the algorithm beomes very ineient.
In order to alulate the rude distribution we require the average photon multipliity,
whih is given by the integral of the dipole funtion∫
d3k
k0
S˜ (p1, p2, k)
= −α
π
Z1Z2 ln
(
Emax
ω
) ((
1+β1β2
β1+β2
)
ln
(
(1−β1)(1−β2)
(1+β1)(1+β2)
)
− 2
)
full distribution,
= −α
π
Z1Z2
(
1+β1β2
β1+β2
)
ln
(
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ω
)
ln
(
(1−β1)(1−β2)
(1+β1)(1+β2)
)
negleting mass terms.
(B.9)
B.2 Initial-Final Dipoles
Consider the integral of the dipole funtion in the rest frame of p∫
d3k
k0
S˜ (p, p1, k) = − α
4π2
ZpZ1
∫
dc dφ dk0 k0
(
p
p · k −
p1
p1 · k
)2
, (B.10)
where Zp denotes the harge on the deaying partile. As before we hoose to dene
the photon momenta as being with respet to p1 hene the integral may be rewritten∫
d3k
k0
S˜ (p, p1, k) =
α
4π2
ZpZ1
∫
dc dφ d ln k0
β21 (1− c2)
(1− β1c)2
. (B.11)
The photon energy and azimuthal angle are generated in exatly the same way as in
appendix (B.1) with the exeption that now, to guarantee the possibility of onserv-
ing momentum in the deaying partile's rest frame, the maximum allowable energy
of the photons is
E
max
=
M
2
(
1− (m1 +m2)
2
M2
)
. (B.12)
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The generation of the polar angle θ is more straightforward than for the nal-nal
dipole. Omitting the mass terms p21 and p
2
in (B.10) leads to the replaement
β21 (1− c2)
(1− β1c)2
→ 2
1− β1c , (B.13)
whih may be generated by the simple mapping
c =
1
β1
(
1− (1 + β1)
(
1− β1
1 + β1
)R)
. (B.14)
The full distribution an be reovered by weighting and rejeting the events from
this approximate distribution, with weight
W = β
2
1 (1− c2)
2 (1− β1c) ≤ 1. (B.15)
As with the nal-nal dipole the integral of the dipole funtion gives the average
photon multipliity for Γcrude:∫
d3k
k0
S˜ (p, p1, k)
= α
π
ZpZ1 ln
(
Emax
ω
) (
1
β1
ln
(
1+β1
1−β1
)
− 2
)
full distribution
= α
π
ZpZ1 ln
(
Emax
ω
) (
1
β1
ln
(
1+β1
1−β1
))
negleting mass terms.
(B.16)
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